Abstract. This paper proves explicit formulae for the number of edges, 2-sets and diagonals in the associahedron of dimension n modulo the action of the dihedral group. A generating function for the number of k-sets modulo this action, as well as a formula for the cycle index, is given. A table of values is also provided.
Introduction
The distance between two vertices on the associahedron is a function of the symmetry class of the vertices. Such distances are related to the recent conjecture concerning the diameter of these polytopes (see, for example, [5, 1, 13] ). This paper enumerates the symmetry classes of various kinds of vertex pairs. Recall that the vertices of P m , the associahedron of dimension m, can be thought of as the binary bracketings of a word with m + 2 letters [5, 7, 8] . It is well known that the number of such bracketings is the Catalan number C m+1 , where
Edges are formed between two vertices of P m if an application of the simple associativity law transforms one bracketing into another. For counting lower-dimensional facets and associativity laws on the associahedron (which are space diagonals, i.e. pairs of vertices that do not belong to any (m − 1)-dimensional face), see [7, 8] . The associahedron P m has a dihedral symmetry group. This dihedral structure is conveniently understood by considering the vertices of P m as triangulations of regular n-gons, where n = m+3. Let G n be the set of all triangulations of a regular n-gon. The dihedral action on a regular n-gon induces an action on G n equivalent to the dihedral action on P n−3 . This in turns induces an action on the set of k-sets of vertices, as well as an action on its set of edges. One of the main results of this paper is the following explicit formula for the number of edges of P m modulo the dihedral action. Note that throughout this paper, we take C n = 0 when n is not a nonnegative integer. 
This sequence g (e) (n) appears in a paper [12] by Read, where it occurs in an array enumerating elements in a class of cellular structures. (There is a natural bijection between these structures and the edges of an associahedron modulo the dihedral action.) This array was later studied by Lisonek in [9] . Lisonek proved that the rows of Read's table are given by polynomials, which he showed how to recursively determine. However, the sequence g (e) (n) occurs as a diagonal in Read's table, so no explicit formula for g (e) follows from Lisonek's work. In a future paper we generalize these results by enumerating the facets of various dimensions of assciahedra modulo the cyclic and dihedral actions, extending the work of the present paper.
Pairs of distinct vertices that are not edges correspond to paths between vertices of distance at least 2. We call such pairs diagonals of P m . Diagonals fall into equivalence classes under the dihedral action. A further result of the paper is the following explicit formula for the number of diagonals modulo the dihedral action.
Theorem 1.2. Let d(n) be the number of diagonals modulo the dihedral action. Then
This theorem is built on Theorem 1.1 as well as Theorem 4.3 below. The latter gives the number of 2-sets of triangulations (equivalently, 2-sets of vertices of the associahedron) modulo the dihedral action. More generally, in Theorem 4.2 a generating function for the number of k-sets of triangulations modulo the dihedral action is given. This is based on Proposition 4.1, which gives the cycle index for the dihedral action on G n . This in turn is based on the elegant paper of Moon and Moser [10] .
Enumeration of various forms of polygonal dissections have been considered by many authors; see for example [2, 7, 8, 9, 10, 12] . Brown [3] contains an extensive bibliography on this subject up to 1965.
Notation and known results
Throughout this paper, the greatest common divisor of the integers m and n is denoted by (m, n). Let D 2n be the dihedral group of order 2n. The elements of D 2n are denoted using ε for the identity element, ρ for rotation by 2π/n, and τ for reflection. In referring to the action of D 2n on an n-gon, we choose the convention that τ fixes one of the vertices of the n-gon (it follows that τ ρ i fixes one of the edges if and only if either i is even or n is odd).
Let H be a finite group acting on the set A. The following lemma is a well-known result attributed to Cauchy and Frobenius.
Lemma 2.1 ([4]). The number |A/H| of orbits of A under the action of H is given by
This lemma will be used to prove Theorem 1.1, which gives a formula for the number of edges of the associahedron modulo the dihedral action. Pólya's Enumeration Theorem will be employed; the following definition is required.
Definition 2.2. Let the group H act on the set A. For h ∈ H, the cycle index monomial of h is the product
The cycle index is defined by
where j k (h) is the number of cycles of length k in the disjoint cycle decomposition of h as a permutation of A.
The following result of Moon and Moser will be used to calculate the cycle index of the dihedral action on the set of triangulations.
Proposition 2.3 ([10]).
(
Combining Proposition 2.3 with Lemma 2.1, Moon and Moser obtained the following theorem. 
Theorem 2.4 ([10]). The number g(n) of triangulations of an n-gon (equivalently, the number of vertices of the associahedron P n−3 ) modulo the dihedral action is given by
g(n) = 1 2n C n−2 + 1 3 C n/3−1 + 3 4 C n/2−1 , if n is even, 1 2n C n−2 + 1 3 C n/3−1 + 1 2 C (n−3)/2 , if n is odd.
Edges
Triangulations Δ 1 , Δ 2 ∈ G n are said to be adjacent if their corresponding vertices are adjacent on P n−3 . It is well known (see, for example, [5] ) that this is equivalent to one triangulation being obtained from the other by a single "flip" of a diagonal in its associated quadrilateral. Equivalently, each edge of P n−3 corresponds to a dissection of an n-gon into n − 4 triangles and one quadrilateral. Following [5] , we call such a dissection an almost-triangulation. Let G (e) n be the set of all almosttriangulations. Since each vertex of the associahedron P n−3 has degree n − 3, the total number of edges is |G
Using Lemma 2.1 and Proposition 3.1 below, an explicit formula for the number of g (e) (n) of edges of P n−3 modulo the dihedral action is obtained. Note that these values have been computed in [12] , but no explicit formula was given.
fixed by δ ∈ D 2n . Then:
The following lemma is used in the proof of Proposition 3.1.
Lemma 3.2.
For any n, m ≥ 0,
Proof. This follows immediately from [14, (2.5.16), page 54].
Proof of Proposition
n be an almost-triangulation and let Q be its quadrilateral part. Note that if δ ∈ D 2n fixes Φ, then in particular it fixes Q. This proves part 7, since a quadrilateral can only be fixed by ε, ρ n/4 , ρ n/2 or ρ 3n/4 , or by reflections. Part 1 is clear since ε fixes all Φ ∈ G (e) n . 2. If Q is fixed by rotation by ρ n/4 or ρ 3n/4 (rotations by π/2), then it must be a square. Thus Φ is determined by choosing one of the n/4 possible orientations of Q, and then by choosing one of the C n/4−1 triangulations of the (n/4 + 1)-gon formed by one side of Q and n/4 consecutive sides of the n-gon (see Figure 1) .
3. If Q is fixed by ρ n/2 , then each of the diagonals of Q must be fixed by ρ n/2 ; hence this diagonal is a diameter of the n-gon. Thus Φ is determined by choosing one of the n/2 possible diameters and by choosing one of the C n/2−1 triangulations of the (n/2 + 1)-gon on one side of the diameter. The number of choices is divided by two since each quadrilateral contains two diameters. Note that in this case Q is determined by the choice of the triangulation of the (n/2 + 1)-gon. (See Figure 2 ; note that in all the figures, a dashed line represents the axis of symmetry and is not part of the almost-triangulation. ) 4. Suppose that Q is fixed by τ ρ m , where m is even. Then the axis of reflection is a diameter of the polygon connecting opposite vertices. In order for Q to be symmetric about this axis, it must either be an equilateral trapezoid with its bases perpendicular to the diameter or a deltoid with one of its diagonals coinciding with the diameter.
In the first case, Φ is determined by choosing the position of the trapezoid and by choosing three triangulations, one which includes its side and one adjacent to each base. The position of the trapezoid is determined by choosing positive integers i, j, k with i + j + k = n/2. Thus, Φ is determined by choosing a triangulation of the (i + 1)-gon, the (j + 1)-gon and the (k + 1)-gon that are formed. 
which follows from Lemma 3.2, with m = 3 and n replaced by n/2−3 (see Figure 3) . In the second case, Φ is determined by choosing i, j with i+j = n/2 to determine the position of the deltoid Q and then by choosing the triangulations of the resulting (i + 1)-gon and (j + 1)-gon. By Lemma 3.2, this gives
almost-triangulations (see Figure 4) . 5 . In this case, the axis of reflection connects the midpoints of opposite sides of the polygon. Therefore Q must be a rectangle connecting those two sides. Then Φ is determined by choosing one of the C n/2−2 triangulations of the n/2-gon on one side (see Figure 5 ). 6. In this case, the axis of reflection connects the midpoint of a side of the n-gon with an opposite vertex. Therefore Q must be a trapezoid with one of its bases coinciding with this side. Thus Φ is determined by choosing i, j with i+j = (n−1)/2 to determine the position of Q and by choosing the C i/2−1 and C j/2−1 triangulations of the resulting (i + 1)-gon and (j + 1)-gon on one side of the axis. By Lemma 3.2, this gives
almost-triangulations (see Figure 6 ).
Proof of Theorem 1.1. By Lemma 2.1,
The result then follows from Proposition 3.1. 
The number of k-sets modulo the dihedral action
In this section, the result of Theorem 2.4 is generalized to k-sets of triangulations by applying Pólya's Enumeration Theorem [11] to the action of the dihedral group D 2n on the set G n of triangulations of an n-gon. Proposition 4.1. The cycle index for the action of the dihedral group D 2n on the set G n of triangulations of an n-gon is given for even n by:
, and for odd n by:
Proof. Note first that all elements of D 2n have order at most n, so that the indeterminates S n+1 , . . . , S |G n | can indeed be omitted. It follows from Proposition 2.3 that the cycle index monomial of ρ is
The expressions for π(ρ i ; S 1 , . . . , S n ) follow. Also by Proposition 2.3, the cycle index monomial of τ ρ i for all i = 0, . . . , n − 1 is given by
, yielding the result.
Theorem 4.2. The number of k-sets of triangulations of an n-gon modulo the dihedral action is equal to the coefficient of X
k in the polynomial given for even n by: (2) The number g (≤2) (n) of unordered pairs of triangulations of an n-gon modulo the dihedral action is g (≤2) (n) = g (2) (n) + g(n), with g (2) (n) as in (4.2) and g(n) as in Theorem 2.4.
Proof.
(1) Suppose that 4|n, and let y i = π(ρ i ; 1 + X, 1 + X 2 , . . . , 1 + X n ). Then the only terms y i that may contribute to the coefficient of X 2 are y 0 , y n/2 , y n/4 , y 3n/4 , y n/3 , y 2n/3 , y n/6 and y 5n/6 .
Since y 0 = (1 + X) C n−2 , its X 2 -coefficient is
. Next, y n/2 = (1 + X 2 ) (Cn−2− 
